A TYPE OF CANTOR FUNCTIONS 



OMID ZABETI 

Abstract. We construct a non-constant continuous function / : [0, 1] — > M. which inter- 
sects the real line uncountable times and also it is not absolutely continuous. Functions 
of this type are very scarce in the literature. 



1. INTRODUCTION 

Note that we say a continuous function / : [0, 1] — > R intersects the real line at x = a 
if f(a) = and in each neighborhood of x = a, there exist some points b and c such that 
f(b) < and f(c) > 0. Recall that a function / : [a, b] — > R is said to be absolutely 
continuous if for each e > there exists 5 > such that YH=\ \fQ } i) ~ f( a t) I < 8 whenever 
(fli, (a 2 , b 2 ) . . . ; (a n , b n ) are pairwise disjoint subintervals of [a, b] for which YH=i 1^ — 
ai| < 5. 

The purpose of this note is to construct a continuous function / : [0, 1] — > R which 
intersects the real line uncountable times and it is not absolutely continuous. To see the 
similar functions the reader is referred to [U |2]. 

2. THE CONSTRUCTION 

We construct a sequence of continuous functions on [0, 1] such that the uniform limit 
of them is the desired function. 

First, divide the interval [0, 1] to three equal sections. Define /i on [0, |] as follows: 

7x < x < I 



(i 



-7x + 3 g < x < 3 



It is easy to see that j\ is continuous and its graph is an isosceles triangle with the height 
| . Draw this triangle on the intervals [|, |] and [|, 1] every other one, symmetrically. Let 
fi be the function on [0, 1] whose graph is as above. 
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From now on, our aim from lower (upper) triangle in each step is those triangles that 
their corresponding functions values are negative (positive), respectively. For construction 
of /2, fix the lower triangle drawee! on the interval [|, |] in the graph of fi and divide 
both intervals [0, |] and [|, 1] to three equal sections. Now, define the function f 2 on the 
interval [0, |] as follows: 



10x 0<x<± 
-10*+ f ±<x<l 



It is not difficult to verify that f 2 is continuous and its graph is an isosceles triangle with 
the height Now, draw this triangle on the intervals [|, |] and [|, |] every other one, 
symmetrically. Then, copy the obtained graph on the interval [0, |], on the interval [|, 1] 
exactly and suppose that the obtained graph on the interval [0, 1] is fi. 

For the step 3, fix two lower triangles drawed on the intervals [§,§] and [§, §] and 
accomplish the same processes in the previous steps on the intervals [0, |], [§,§], [§, §] 
and [§, 1], respectively. Now, for the step n, define f n on the interval [0, ^] as follows: 



2(3")+n 



fn{x) 



x < x < 



2n(3") — — 2(3") 

2(3" )+n 2(3" )+n 1 < _ < 1 



2n(3") 1 2n(3 2 ") 2(3") — 3" 

One can verify that /„ is continuous and its graph is an isosceles triangle with the height 
n 2(i«) anc ^ ^fi en do the same tasks in the previous steps. In fact in this step we 
have 2 n upper isosceles triangles with the height ^ + and 2 n — 1 lower isosceles 
triangles which 2"" 1 of them have the height - + jn^)- Let e > be arbitrary. Then 
||/n-/m||oo < ^+2^) + m + 2(3% < £ ' for sufficiently large m, n e N, in which means 
the supremum norm. So, by using the Cauchy test for uniform convergence (See [T]), (/„) 
converges uniformly to a continuous functions /. Therefore, / is a limit function which is 
constructed according to the construction of Cantor set and thus it is identically to zero 
on the whole of Cantor set and by the process of the construction, / intersects the real 
line uncountable times. Now, we show that / is not absolutely continuous. Let 5 > 
be arbitrary. There exists k E N such that 2 < 5. Put 5 = 2 ^ K ^ and consider the 
sequence (Jr)neN- From 2 P_1 lower triangles constructed in the step p with the height 
p~^~ 2pp) (p = • • •)> choose one of them and consider a neighborhood from the initial 

of the base of the triangle to the its middle on the real line. We have X)^Li ^ = f < 
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Let m > k be arbitrary. Then, YlT=k \f(bi) ~ f( a i)\ > YlT=k 7' ^ n which Oj and 6, are 
the points of the initial and the middle of the base of the chosen lower triangle in the 
step i, respectively and we have /(a*) = and /(6j) > -. This shows that / can not be 
absolutely continuous and so / has the desired properties. 
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